
SEPARATION OF VARIABLES IN HYDROGEN ATOMS
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  + U(r)ψ = Eψ

2. ψ(r,  θ,  φ) = R(r)Θ(θ)Φ(φ)  and  Y(θ, φ) = Θ(θ)Φ(φ)

3. Substitute ψ(r,  θ,  φ) and multiply by 
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∂φ2 +
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h2 (E − U(r ))  = 0

5. Set the terms in dotted box which depend on r to the constant β and the remainder of θ, φ
dependent terms to –β.
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∂φ2 = −β

8. Multiplying equation 7 by Y(θ, φ)  we get the rigid-rotor Schrödinger Equation
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∂φ2 = −βY (θ, φ)

9. Y(θ, φ) = Θ(θ)Φ(φ)
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10. Insert #9 into equation #8 and multiply by 
sin2θ
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∂φ2  = –β sin2θ

12. In equation 11 set the term in dashed box, the φ-dependent term, to –m2 and the θ-
dependent terms to m2.
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+ (βsin2θ − m2)Θ(θ) = 0

15. Setting   β = l(l + 1) and U(r) =
−Ze2

4πε0r  we have

16. R equation:  
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17. Θ equation: 
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 + (l(l + 1)sin2 θ− m 2)Θ(θ) = 0

18. Φ equation: 
d2Φ(φ)

dφ2 = −m2Φ(φ)


