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Example of Application of Variational Principle
The steps in applying the variational method to a problem are:
1. Select a trial function, Yy, (X; ), a function of the variables (x) and the
parameter (o)

2. Evaluate <E(0)>ya

(E(a))i = E(a) = /![/{;ial (z;0) HWpior (2; 0)da > Ey (true lowest eigenvalue)

3. Find the optimum values of the parameters:

OE(c)

Solve the equation 5 =0 for qoptimum
o

4. Find the value <E(0p)>
5. Either "rest assured" that <E(0,p)> 2 Ey if you don’t know Ej (usual situation)
or

demonstrate <E(0,pt)> 2 By for sample examples where we have applied a
variational treatment to a problem where we have already been able to solve
exactly for ) and E
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Worked Example In Atomic Units
(see pp. 4-6 for example retaining MKS)

Forthe hydrogen atom Hamiltonian

3
20& ! —_ar?
wtrial('rv 07 ¢; Ot) = (?) €

(note thisis best Gaussian; prob HW # 321s best exponential ~ e *"; EASIER! )

&
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Il

<E(a)>tm’al = /w;“ial f{wtrial dr

. 1f1 o ,0 1 a 0 1 ) Z
— sl — + - ——

272 8r " or " r2sin6 80 80 ' r2sin20 8%¢| r

Evaluating #(yia1

to evaluate ﬁz/ztml one can first forgetthe 9’ s withrespect tof and ¢, sincep,,,, is spherically symmetric

> 11 0 0 » 7 >
He ™ —_Z |22 2 Y —ar:  “ ar
‘ 2[7‘287"T8r }e r©
1710 2 ar Z —ar?
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111 : ; A 2
=—-13 (— 6arle ™ + 4027‘4670”2) ]——em
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1 Z 2
25[(6a—4a2r2) ]em —?em

Substituting # Yy, into <E(a)>

o0 m 27 él 21
E(a) = /7‘2 dr /szn0d0 / dd) (2_a> efargg ‘»(Q_Q) earg‘
7T T
0 0 0
r 1 VA s 27
/T‘Qe*2ar2{§[ (6(1 — 4a2 rQ) ] _?} d?“/ sm0d9/ d¢
! 0

0
—_———
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thus

1 2\ 2
(Oéoptimum)? = (_> §Z

>

EiZQ

(aoptimum) - o1

Evaluating E(agptimum)

Ba)= 30— (BYzabl 2 {2 Bl 40 8 4
187 3n 3 3 3

- 4
Z =1 Ela) =—— =-0.4224
for (@) 3

NOTE: Ina.u. Enatom =— 0.5 thus E(coptimum) > Eo
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Worked Example In MK S units
Forthe hydrogen atom Hamiltonian

3
1

djtrial(’rv 97 ¢; a) = (270() 670742

™

(note thisis best Gaussian; HW prob# 32isbest exponential ~ e *"; EASIER!)

B(a) = (E()) = / O

P LRI R S VO R S8 B
T 2u |2 o' or  r2sin600 " 90 T r2sin’6 9% dmegr

(noteinlastterm eis electronic charge not exponential)

Evaluating #{;ia

to evaluate ﬁwtml one can first forgetthe 9’ s withrespecttof and ¢, since,,,, is spherically symmetric

-~ 2 52 1 8 8 2 62 2
He o —— | — = 2 7 —ar® —ar
¢ 24 [TQ ar' or ] c dmeyr ¢

h 1 9 2
=—— |5 =1’ ](—20#60”) & eor

2p [r2 or a dmegr
n*r1 o ) €2 ,
= — — | — — _ 2 3 _—ar ) _ —ar
2u |12 or ( are ] 4megr c
R (1 ) ; 2 ,
=== (— 6arie " + 40’ r4e’o"> & o
2 | 4meqr
h* ) 2 ,
= —[ (Ga — 4a? r2) ]efo‘r _ & o
2p 4dmegr




Substituting # Yy, into <E(a)>

T

27 % %
2 A 2
r2dr / sinfdo / dé <_“) et f [(ﬁ) eaﬂ]
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i 20 2 [ B2 o2
E = (— 2, 2ar?) 'Y PLN _ / ] /
(a) <7r) /r e {QM[ (6cx o?r?) ] 47l’€0'l"} dr [ sinfdf | d¢
0 ) J
—
4
3
7 2a 2 (A 2y
E =4 —2ar 2 4 2 4 p
() 7r< 7r) /e { [ (6ar a’r ) } pis
0
i (7{)% 7 3(1r); 0
using /7‘2 e*2ar2 dr = 82 - , /’f‘4 e—zaﬂ d 322 . ; and /’f‘l 6720”.2 dr —
0 a2 0 2 )

M(z:y{zzzmb OIE=
)

1)

Evaluating dE(a)/ da , and finding O gptimum

3 1
2

po) - an(2) {2 [ (3] -

() (O -

i_ e? 164

(aoptimum ) 8(47l'60)

3(3)

(@ ) et 256 12 8etu?
i — =
optimum 64(471'60)2 9 (%) ﬁ4 97T(47T60) 2?24

PAGE 5



PAGE 6

Evaluating E(gptimum)

3
2

ey - an(2) | P2 (8] - e

with
) = € (20602 sete
Qopti = — =
e 64(47“?0)2 9(5)" 97T(47r50)2ﬁ4
gives
3
3 3 2( 8ety? )
E(Oé ; ): 4 z 2 &92 i 864:“‘2 - € 97r(41l'6(])2ﬁ4
optimum T 21 8 97!'(47T80)2ﬁ4 4(471_50)
. . . . . 47T60h2
simpli fying with the Bohr radius ag = 5
e
5 3 1
= 2\ | #*(2) /3 Re2 02(2
E(aoptimum) =4x <—> (2) (—> ( M 5 > _ (91r)
0 2u \8 ) \97(4meg)hay 4(4meg)ay

3
2

Ploaomn) = (%) (e 0 @

us

(dreg)ay | 67 4

E(toptimum) = (4%2)% { [% B %} }

Eouoptimum) = (4%20)%{ [7 %] }

e2

E(aopii =—0.4244
(aoptzmum) (47‘[’80)&0

NOTE: Ey, theacutal lowest eigenvalu of His
€2

Ey=—-0.5 —+—
0 (4:71'50)040

THUS: E(optimam) > Eo asrequired by the variation theorem!!!



