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Colligative Properties 
 

 In the following derivations freezing point depression, boiling point elevation, and 
osmotic pressures of solutions we approach the problem in four steps: 
 

I. The pure solvent is originally in equilibrium in the two phases. 
II. Addition of solute lowers the chemical potential of the solvent in the 

solution phase 
III. Temperature (freezing point depression, boiling point elevation) or 

pressure (osmotic pressure) must be altered to reestablish equilibrium 
between the solution and the pure solvent phase. 

IV. Obtain relationships between XB and change in T or P. 
 

A BNOTE:  refers to solute component,  refers to  solvent component.  
 

A. Freezing point depression 
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fChanging T to reestablish equilibrium with solid at new temperature T :
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        this last line is written to indicate that the drop in B

T
µ   due to dissolving 

        solute must be balanced the change B

T
µ∆  due to the temperature variation 
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this is all of the thermodynamics. 
In the dilute solute approximation, the expression can be further reduced  to the usual 
introductory chemistry expression ∆T=−Kf m where m is the concentration of the solute in 
molality (nA per 1kg of solvent) and  Kf is a constant related to the molecular weight of 
the solvent, ∆Hf, and T•

f . (see eqns 9.33 E&R4th ) 
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B. Boiling Point Elevation 
(very similar treatment to freezing point depression) 
 

I.      

. . int

v

v

, 1

( ) ( )

( ) ( ) ( ) 0

( ) 0

µ µ

µ µ µ

• • • •

• • • •

• • • • • •

•

=

=

∆ = − =

∆ = ∆ >





B b p

bp bp

B bp f f

bp

B boiling po B

B B

B B

B B vaporization

pure liquid pure vapor at T normal boiling T P atm

T T

T T T

H T H

 

 

II.     

( )

( )v

vwhere

•

• • • •

• • • • • • •

• • •

µ ≡ µ ≡ µ = µ + γ

∆µ = µ −µ = ∆µ − γ

∆µ = µ

  



bp bp

B bpbp bp bp

B bp

bp A B

solvent ( in soln)
B B B B bp B B

B B B bp B B

B

still at T ,add X solute resulting in X for solvent

(T ) (T ) (T ) RT ln X

before vapor pressure drops
(T ) (T ) (T ) (T ) RT ln X

(T )

( )

0

         

0

         
          

• • •

• •

− µ =

∆µ = − γ >



bp bp

bp

B

•
bp

B bp B B

(T ) (T )

since pure liquid and vapor are in equilibrium at T

(T ) RT ln X

( note this has opposite sign from freezing point depression;
in the two cases the solution phase has

B bp

v •

  
      0  
thus the reverse reaction ( v; lowering of P ) would occur spontaneously at T

∆ >

←

shifted from product side
to reactant side, keeping H )

 

 
 

v
bp BChanging T to reestablish equilibrium with vapor at new T  and P = 1 atm:

( ) , 1

we will utilize since its temperature dependence is less complicated than that of
T
µ

• • =

∆

B B bp Bsolution X pure vapor at new T P atm

2

 :

( )and 

µ

µ
µ

∆

∆ ∂  ∆ ∆
= − 

∂ 
 

B vaporization B

P

H TT from above
T T T

 

 
 



Chemistry 163B               derivation of colligative property relationships 

 4 

  

III.   
2

2

( ) ( )

µ

µ µ

• •

•

•

•

∆∆  = − 
 

    ∆∆ ∆
− = −      

   

∫ ∫

∫

bp bp

bp bp

bp

bp

T T
B vaporizationB

PT T

T
B vaporizationB bp B bp

bp bp TP P

H
d dT

T T

HT T
dT

T T T

 

                               with 

                

( )

( )
0 since at 'new' equilibrium ( ) 0

( )
ln

µ
µ

µ
γ

•

•

 ∆
= ∆ =  

 

 ∆
= −  

 

B bp
bp

bp P

B bp
B B

bp P

T
T

T

T
and R X from relation in II

T

 

 
 
 

( )

( )

2

2

ln

ln 0

•

•

∆
= −

 ∆
 − + − =
  

∫

∫

γ

γ

bp

bp

bp

bp

T
B vaporization

B B
T

T
B vaporization

B B
T

H
R X dT

T

H
R X dT

T

 

 
 
 

Here the increase in B

T
µ∆ 

 
 

 due to dissolving solute (first term) must be balanced by  

the change in B

T
µ∆ 

 
 

 due to the temperature variation (second term). [Since ‘solution’ is 

reactant, decrease in B

T
µ 

 due to dissolving solute increases  B

T
µ∆ 

 
 

 ] 



Chemistry 163B               derivation of colligative property relationships 

 5 

 
 

IV.   

( )

( )

( )

2ln

~ independent of T

1 1ln

since  < 0  >   (boiling point )

1 1n

elevation

γ

γ

γ

•

•

•

•

∆
= −

∆

 
= +∆ − 

  
⇒

 ∆
= + −



∫
bp

bp

T
B vaporization

B B
T

B vaporization

B B B vaporization
bp bp

bp f

B vaporization
B B

bp bp

H
R X dT

T

H

R X H
T T

lhs T T

H
l X

R T T

( )

1 1exp   

    
ln

γ

γ

•

•

•




  ∆
= −  

    
∆

=
∆ +

B vaporization
B B

bp bp

bp B vaporization
bp

B vaporization bp B B

H
X

R T T

T H
T

H RT X

 



Chemistry 163B               derivation of colligative property relationships 

 6 

 C. Osmosis 
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